Introduction
Contrary to ball bearings with point ͑or elliptical͒ contacts, spur gears and cam-roller follower systems ͑Fig. 1͒ are engineering examples of line contacts. The cylinder-on-flat contact pairs and block-on-ring contact pairs are laboratory testing examples of line contacts, which are frequently used in the reciprocating testing rig ͓1͔ and in the block-on-ring testing machines ͓2͔, respectively. Depending on applications, a cylinder is often chosen instead of a ball specified in the ASTM G133 standard. The surface treatments, such as coating and textured surfaces, are introduced to enhance performances, such as gear endurance life and cam-roller scuffing resistance, whereas the roughness and/or slight damages are inevitable reality for contact surfaces that influence component life. These surface features ͑either intentional or undesirable͒ and their interaction make both the experiments and simulations very complicated ͓3,4͔.
Traditionally, line contact problems, with or without lubrication, are often simplified with the plane-strain assumption and simulated by two-dimensional ͑2D͒ analytical formulation for uncoated ͓5-10͔ and coated bodies ͓11-19͔. The finite element method and boundary element method have also been applied to solve line contact problems in various studies ͓20-24͔. Researchers studied the end closure of roller or the profile effect on lubricated contacts, which is normally named finite line contact problems ͓25-30͔. Since the length is much greater than the width of contact, nonuniform grids are used in the length direction, particularly close to the ends of the cylinder. This approach is effective in studying edge effects. In order to capture the effects of roughness and textured surfaces, however, three-dimensional ͑3D͒ modeling is necessary. The challenge arises when the contact domain is several orders of magnitude greater than the grid size needed to properly describe the surface roughness or texture. Based on the geometry of the cylinder-to-cylinder contact, the contact domain is nonperiodic in the contact width direction, but it can be treated as periodic in the contact length direction-semiperiodic line contact ͑SPLC͒ problem. Thus, only a section of the entire domain is used as the computational domain.
In any deterministic contact simulation other than the finite element method, influence coefficients ͑ICs͒ ͓31͔ and frequency response functions ͑FRFs͒ ͓32͔ are the fundamental solutions to the specific contact problems. With the application of fast Fourier transform ͑FFT͒ to contact simulation ͓7,33͔, dramatic computation reduction is achieved for the integrals involved in the fundamental solutions. Recognizing distinction among convolutions, the discrete convolution-FFT ͑DC-FFT͒ and the continuous convolution-FT ͑CC-FT͒ algorithms ͓32,33͔ have been differentiated. Both algorithms fully exploit the FFT's unique efficiency. The CC-FT algorithm uses FFT's intrinsic capability of handling periodic problems, while the DC-FFT method sophisticatedly works around this capability to address nonperiodic problems. The DC-FFT algorithm is further modified with periodic or duplicating padding, as discussed in Refs. ͓33,34͔, to deal with the SPLC problems. Based on the limitation of available FFT based algorithms, this paper presents and validates two novel methods for the SPLC problems: ͑1͒ The ICs for normal 3D problems are superposed ͑DC-FFT S ͒. ͑2͒ A hybrid FFT based algorithm, which combines the DC-FFT method and the CC-FT method, is constructed ͑DC-CC-FFT͒. These two algorithms are readily integrated into a FFT based contact solver, and the first one can also be used in a multigrid based contact solver. These algorithms thus can transform a 3D contact solver, which was originally developed for point contacts or nominally flat contact problems ͓34͔ ͑studied in Ref. ͓35͔ by a statistical approach͒, to deal with the SPLC problems. The proposed methods have been validated with a Hertzian contact. The contact problems of a textured surface with and without coating have been solved with proposed methods as demonstrations.
Theory
In this paper, half-spaces ͑Fig. 1͒ are assumed for both bodies in contact where the contact width is small enough in comparison to the radius. Therefore, the superposition principle is applicable. In the contact length direction, the crown shape is not considered in this study. A coating can be considered in the model, although the discussion in this section uses uncoated half-spaces as an example. Nonuniform friction coefficients can be specified over the contacting surface for the consideration of different regimes of hydrodynamic lubrication, boundary lubrication, or solid-to-solid contact. Figure 2 shows the schematics of three types of 3D contact problems, where point contact ͑a͒ and nominally flat contact ͑b͒ have been widely studied. However, the 3D line contact problem ͑c͒, a hybrid of ͑a͒ and ͑b͒, is not well investigated and will be the focus of this paper. The characteristic of 3D line contact problem enables a hybrid mathematical treatment inside the contact algorithm. In Secs. 2.1 and 2.2, the elastic field, including surface normal displacement and subsurface stresses, is discussed, and the relevant algorithms are presented.
Surface Normal Displacement.
The Boussinesq solution is usually used to determine surface normal displacement, u͑x 1 , x 2 ͒, with given pressure, P͑x 1 Ј,x 2 Ј͒, in a 3D problem with an uncoated half-space. The solution with regard to a coordinate system of ox 1 x 2 in the surface is as follows:
where E ‫ء‬ =1/ ͓͑1− 1 2 ͒ / E 1 + ͑1− 2 2 ͒ / E 2 ͔ is the equivalent Young modulus where E i and i are Young's modulus and Poisson's ratio of each body, respectively. This expression basically is a 2D convolution that the pressure is convoluted with the Green's function, i.e.,
͑2͒
The counterpart of the Green's function in the frequency domain with the coordinate system of o 1 2 is named as the FRF, in this case expressed as where the ICs are defined as
and Y͑x 1 , x 2 ͒ is the shape function. Note that the origin is labeled with r 1 = r 2 = 0, and the shape function is located over the element with the origin as its center ͑the origin element͒. x dn is the nth discrete value of x d , where d = 1 or 2. When integer n is negative, x dn =−x d͉n͉ . Integral limits, a i , which are the bounds of a shape function, usually equal either ⌬ i / 2 for zero order or ⌬ i for first order, depending on the order of continuity of the shape function. If the shape function is zero everywhere but unity over the origin element ͑i.e., zero order͒, Eq. ͑6͒ has analytical integration,
where f͑x , y͒ = x ln͑ ͱ x 2 + y 2 + y͒ + y ln͑ ͱ x 2 + y 2 + x͒ and
To this point, the expressions of Green's function, the FRF, and the ICs have been given for uncoated half-spaces subject to pressure on the surface. When friction is considered, the surface normal displacement due to shear on the surface can be expressed in a similar way. For coated bodies, one can find the FRF in Ref.
͓36͔ and then use it with numerical conversion procedures, such as the one described in Ref. ͓32͔, to determine the ICs.
Note that the numerical conversion is introduced only when fundamental solution is not explicitly available. With the available fundamental solutions, the SPLC problem can be solved using the following methods.
DC-FFT Algorithm Modified With Periodic Padding
For point contact problems, the DC-FFT method can be applied to efficiently and accurately obtain the surface normal displacement with a virtual domain ͓32͔ of 2N 1 ϫ 2N 2 grids, i.e., doubling the target domain in each direction. One of the implementation is described in Ref. ͓32͔ labeled route 2. Recently, the zero padding of pressure in the DC-FFT algorithm has been extended with the periodic or duplicated padding in an effort to solve periodic contact problems ͓34͔; thus a modified DC-FFT algorithm ͑denoted as DC-FFT P ͒ was constructed. Although this modification is simple, its effect is not trivial-only the immediate adjacent 2 d periods of pressure ͑Fig. 3, d is the number of dimen- Transactions of the ASME sions applied with the periodic padding͒ are considered, and all other periods are neglected. Therefore, the considered periods are not fixed in space but cyclically permuted so that the observing points are always in the center ͑Fig. 4͒. Consequently, this selective truncation is more accurate than a fixed truncation. For the SPLC problem, periodic padding in the contact length direction is the only change in the regular DC-FFT algorithm. In order to deal with the error introduced by the selective truncation with limited periods, two more methods are constructed next.
DC-FFT Algorithm Modified With Summation of ICs ͑DC-FFT
S ͒. The basic idea of summation of ICs lies on the superposition principle. When the problem is periodic, the contribution of multiple copies of pressure can be expressed as the multiplication between a single copy of pressure over the target domain and the summation of ICs. For the SPLC problems, if 2m +1 copies are chosen, the ICs for displacement can be expressed as
which can be used in Eq. ͑5͒ with the DC-FFT algorithm. This algorithm ͑denoted as DC-FFT S ͒ is straightforward, and the slight computation increase due to the evaluations of D is negligible for contact problems compared to the burden of convolution. Furthermore, since Eq. ͑5͒ is also used in multigrid methods ͓37͔, the treatment of Eq. ͑8͒ can be readily incorporated into any multigrid method.
Hybrid Algorithm, DC-CC-FFT. A hybrid algorithm was reported in Ref.
͓38͔ between the DC-FFT and the discrete correlation-FFT ͑DCR-FFT͒ to deal with micromechanics problems, such as plasticity. As mentioned in Sec. 1, a line contact problem is the hybrid between a point contact and a nominally flat contact problem. These thoughts naturally leads to a new algorithm named DC-CC-FFT, i.e., the combination of the DC-FFT and the CC-FT. The independence of FFT and FT on coordinates allows hybrid algorithms.
The one-dimensional ͑1D͒ Fourier transformation of G in Eq. ͑2͒ with regard to x 2 can be derived as follows:
where K 0 ͑z͒ is the modified Bessel function of the second kind and K 0 ͑z͒Ϸln͑2 / z͒ when z → 0. Note that Eq. ͑9͒ is the partial FRF with regard to the x 2 direction. The ICs with regard to the x 1 direction can be found as
and z = ͉x 2 ͉. The symbol D i here exhibits the hybrid nature of the above treatments on the Green's function G: hybrid influence coefficients and frequency response function ͑ICs-FRF͒. Quantities x u and x l have been defined in Eq. ͑7͒. K 1 ͑z͒ is the modified Bessel function of the second kind, and L n ͑z͒, with n =−1 or 0, are the modified Struve function ͑see Appendix͒. When 2 is zero but x is not, it is found that
Thus f͑x 0, 2 =0͒ is singular. A small value is assigned to 2 , such as 1 ϫ 10 −6 , to avoid singularities. According to the definition of FT and the FT relationship between Eqs. ͑2͒ and ͑9͒, one can find that
For 1 = 0, one can further obtain equality of
Comparing this identity to the integral in Eq. ͑11͒, it is found that
Numerical exploration shows that when z = 8, the expression of z͓K 0 ͑z͒L −1 ͑z͒ + K 1 ͑z͒L 0 ͑z͔͒ has a value of 0.999911. Unlike uncoated half-space problems, in general contact problems with a coated half-space or problems considering thermal effects do not have explicit Green's functions available. Instead, their FRFs are available. In this situation, the FRF is used with conversion procedures applied only to a desired direction to determine the hybrid ICs-FRF. Of course, the conversion error occurs, but its magnitude depends on the procedures. One example of such numerical procedure is described in method 3 of Sec. 3.2 ͓32͔: If the x 2 direction is periodic, a 1D inverse FFT with regard to the x 1 direction is needed for each 2 in the FRF to obtain the hybrid ICs-FRF, D ͑total N 2 numbers of 1D FFT͒, 
͑14͒
where the symbol "⇐" stands for keeping part of terms in the resulting right-hand side series for D . The first ⌬ 1 is due to the relationship between FFT and FT, while the second ⌬ 1 is due to the simplified way of obtaining ICs from the Green's function. Of course, they cancel each other eventually. If a shape function is used, Eq. ͑14͒ can be updated as
In order to avoid the Gibbs phenomenon in the conversion, one can use additional measures as described in Ref.
͓36͔.
In the DC-CC-FFT algorithm, the domain is doubled only in the nonperiodic direction ͑x 1 , for example͒; i.e., 2N 1 ϫ N 2 grids are needed. Therefore, less computation is required, compared to the modified DC-FFT method. The procedures of this algorithm are described as follows:
͑1͒ The pressure series, P, is zero padded in the x 1 direction, P គ .
There is no need for padding in the x 2 direction. After applying a 2D FFT to P គ , the resulting series is denoted as P គ . ͑2͒ The hybrid ICs-FRF, D , is treated with the wrap-around order in the x 1 direction, D គ . For each 2 , a 1D FFT with regard to the x 1 direction then is applied to D គ , and the resulting series is denoted as D គ . ͑3͒ A temporary frequency series can be obtained using element-by-element production ͑of the complex numbers͒ between P គ and D គ , i.e., P គ ‫ؠ‬ D គ , where the symbol ‫"ؠ"‬ is the complex multiplication in an element-by-element manner. ͑4͒ The displacement field can be obtained by keeping the members within the target domain of the resulting series after applying a 2D IFFT to P គ ‫ؠ‬ D គ ,
The differences among the DC-FFT and its modifications, the CC-FT, and the DC-CC-FFT are listed in Table 1 . Having the FFT appropriately integrated, a suite of FFT based methods in Table 1 along with the DCR-FFT algorithm enables one to deal with a variety of contact problems both accurately and efficiently.
2.2 Stress. For a half-space, the Green's functions for the elastic field due to pressure and shear tractions are well known as the Boussinesq and Cerruti solutions and have been summarized in Ref. ͓31͔ . The corresponding IC formulation is available in literature, such as in Ref. ͓36͔. The periodic padding for stress fields in the DC-FFT P algorithm is the same as described in Sec. 2.1.1. Similar to Eqs. ͑5͒ and ͑8͒, equations with summation of ICs can be written to determine the stress fields using the DC-FFT S algorithm. It is quite an analytical endeavor to obtain an explicit formulation for all stress components following the derivation in Sec.
2.1.3. Since the FRF is available ͓36͔, numerical procedures, such as the one described above with Eqs. ͑14͒ and ͑15͒, are applied only to a desired direction to determine the hybrid ICs-FRF. On the other hand, the hybrid ICs-FRF can be evaluated with numerical procedures described in Ref. ͓34͔ starting from the explicit ICs. When the shape function ͑Y͒ is used, the conversion relationship among ICs, ICs-FRF, and FRF can be summarized in Table 2 . The conversion is used due to lack of proper type of analytical solution, and the conversion error should not be attributed to a specific method.
For the origin in the frequency domain ͑ 1 = 2 =0͒, FRF expressions generally have a quantity of ͱ 1 2 + 2 2 in the denominator. Because the value of FRF at the origin determines the summation of function in the space domain, i.e., f͑0͒ϵ͐ −ϱ ϱ f͑t͒dt, from the definition of FT, treatments of FRF at the origin affect the absolute values and are critical to stress determination. The average value of FRF over the grid centered at the origin is generally used. However, in the DC-CC-FFT method, it is found through numerical trials that using small values, such as 1 = 2 =1ϫ 10 −6 , at the origin in the FRF expression during the determination of the hybrid ICs-FRF can subsequently achieve higher accuracy of stress results.
Results and Discussions

Validation and Comparison.
The FFT based methods described above are used to simulate two smooth cylinders in contact for validation and comparison. The conditions are summarized as follows: load ͑W / L͒ of 390,625 N/m, equivalent radius ͑R͒ of 6.35 mm, intervals ͑⌬ 1 , ⌬ 2 ͒ in both directions of 4 m, grid numbers ͑N 1 , N 2 ͒ in both directions of 128, Young's moduli ͑E͒ of 210 GPa and 320 GPa, and Poisson's ratios ͑͒ of 0.3 for both cylinders. The equivalent Young's modulus ͑E ‫ء‬ ͒ is 139.332 GPa. These conditions give a Hertzian contact half-width, a = ͱ 4WR / ͑LE ‫ء‬ ͒, of 150.555 m. Although the nominal average pressure, P ave = load/ total area, is 1.29728 GPa, the maximum Hertzian contact pressure ͑P Hz ͒ is 1.65175 GPa. For all methods, Table 3 . The results from DC-FFT and CC-FT are included for reference. When the pressure is uniform along x 2 , the local maximum contact pressure at x 2 = 0 is identical to the maximum contact pressure. It is obvious that the DC-FFT method here reflects the typical edge effect ͑stress concentration͒ for the finite line contact, and the CC-FT method is not suitable for a SPLC problem either due to its periodic nature in both directions. The ICs from 19 periods ͑m =9͒ are summed in the DC-FFT S method of Table 3 . The more periods involved in the summation, the slightly more accurate results can be obtained with slightly more computation. All the DC-CC-FFT, DC-FFT S , and DC-FFT P methods obtain the contact area accurately ͑probably only limited by the discretization error͒. However, the DC-CC-FFT predicts the maximum contact pressure the same as the Hertzian result and is the best algorithm. It should be mentioned that the DC-FFT P does very well in the prediction of this example for two reasons: ͑a͒ The displacement along x 2 due to the neglected ͑infinite͒ periods ͑Figs. 3 and 4͒ with uniform pressure along x 2 is constant ͑but slightly varying along x 1 , which is discussed next͒. Once the pressure along x 2 is not uniform, such as on textured or rough surface, the displacement due to the neglected periods varies along x 2 and contributes slightly more error to results. ͑b͒ The target domain is a square. If the target domain has a shorter dimension in x 2 than in x 1 , the predicted data by the DC-FFT P have greater error, which can be attributed to stronger nonuniform effect on displacement along x 1 from neglected periods. One should be aware of these two effects when the DC-FFT P is applied. With the pressure distribution determined by various algorithms, the subsurface stress field with 210 GPa Young's modulus was investigated using the same algorithm. The stress results thus reflect the total effects of how displacement and stress are determined in that specific algorithm. The details about displacement calculation have been described earlier, and the stress determination details are described next. The ICs are calculated with Eqs. ͑3͒, ͑11͒, and ͑12͒ in Ref. ͓36͔. The DC-FFT S once more uses the summation of 19 periods ͑m =9͒ of ICs, and the ICs-FRF used in the DC-CC-FFT method is converted with regard to x 1 from the 2D FRF ͑see the Appendix ͓36͔͒. Normally for a 1D conversion with the target domain having N 1 grids, 2N 1 grids are basically needed in the frequency domain to obtain the required ICs ͑if no refinement͒. In this study, a twice-finer grid, i.e., 4N 1 grids ͑␥ = 4, see Ref. ͓32͔͒ in the x 1 direction of the frequency domain without aliasing control ͑AL= 0, see Ref. ͓36͔͒, is the default. Parameters ã and AL allow one to achieve high levels of conversion accuracy: ␥ controls discretization refinement in the frequency domain, and AL enables mimicking aliasing of FRF before conversion. At the origin, the conversion process uses 1 ϫ 10 −6 for both 1 and 2 . The results of the maximum von Mises stresses ͑ vM max ͒ and the maximum shear stress ͑ 1 max ͒ and their depth are obtained from a simulated stress field as deep as 1.7a, which is divided into 100 grids. The coefficients of friction ͑ f ͒ are given as 0 and 0.5. With the uniform coefficient of friction, one can add the ICs for stresses due to pressure and friction, and then do convolution with pressure to reduce computation.
For frictionless contact, one can use the analytical expressions for stress components presented in Ref. ͓40͔ as the exact solutions. The maximum values and locations of von Mises and maximum shear stress are found with numerical evaluation as follows:
vM max = 0.32P Hz and 1 max = 0.30P Hz . The depth of the vM max is 0.71a, and that of the 1 max is 0.78a. The numerical results with three algorithms described in this paper are listed in Table 4 . Results from the CC-FT method are also shown in the table for reference. It is interesting that predictions of the maximum shear stress and its location have greater error than those of von Mises. Overall, the DC-FFT S gives the best predictions, and the DC-CC-FFT does the second.
When f is 0.5, which is beyond the transition value of 0.27 when the maximum von Mises stress occurs on the surface, the value of the maximum von Mises stress is found by Johnson and Jefferis as P Hz ͱ f 2 + ͑1−2͒ 2 ͑1+ f 2 ͒ / 3 = 929.5 MPa. All methods exactly predict the location of the maximum von Mises stress. Table 4 shows the comparison of results about vM max .
Although the error of the CC-FT method with f = 0 is significant, the error of the CC-FT method with f = 0.5 is surprisingly low. Cancellation of errors due to pressure and friction is suspected to attribute to the smallest error of the CC-FT method in Table 4 . This is confirmed by using f of 0.1 and 0.25. With this understanding about the CC-FT method, the DC-FFT S method excels among all and is followed again by the DC-CC-FFT method. This ranking is understandable since the conversion error is involved in the ICs-FRF of the DC-CC-FFT method but not in the ICs of the DC-FFT S method. The conversion error can be improved by adjusting two controls: ͑1͒ When the ICs-FRF used in the DC-CC-FFT method is converted from the 2D FRF with 8N 1 ϫ N 2 grids ͑␥ =8͒ in the frequency domain, vM max is 99.2% of the analytical solution. ͑2͒ Aliasing control, such as with AL = 1, can be used for the conversion, especially for the shear, to reduce noise undulation. Figure 5 confirms the effects of these two controls on the von Mises stress along x 1 in the surface with f of 0.5. If there is no explicit expression of ICs available, e.g., in problems with a coated half-space, conversion error occurs in the IC determination and shows up in the results from the DC-FFT S method, similar to the situation of the DC-CC-FFT method in Table 4 . The ranking might be changed.
The accuracy of the DC-FFT P method can be improved if two or more periods are discretized and simulated, but obviously efficiency is in jeopardy. With slight sacrifice of computation during the IC evaluation, the DC-FFT S method can have higher accuracy Transactions of the ASME if more periods of ICs are considered. In terms of the DC-CC-FFT method, if the analytical expressions of ICs-FRF are available, it should only have the discretization error. When the conversion process is used, one can use finer discretization in the frequency domain and aliasing control to achieve higher accuracy.
Dry Contact With Textures.
In this section, a textured surface is simulated to illustrate the DC-CC-FFT method. The cylinder surface has periodic textures along the contact length direction. A cone-shape dimple is superposed onto the cylindrical geometry, as shown in Fig. 6 . On the cone base, radius r ϵ ͱ ͑x 1 / ⌬ 1 ͒ 2 + ͑x 2 / ⌬ 2 ͒ 2 / 25 is defined. If the projection of a surface point on the ox 1 x 2 plane is located inside the cone base, i.e., r Յ 1, the depth of the dimple from the original surface is 0.3͑1 − r͒ m. The sharp edge of the dimple inevitably leads to singular pressure in elastic simulation but is tolerated in this illustration for the sake of simplicity. The coefficient of friction is assumed to be 0.25. Parameters described in Sec. 3.1 are applied here for consistency. Figure 7 shows the numerical results of ͑a͒ contact pressure distribution over the surface and ͑b͒ von Mises stress distribution over the central cross section in contour. Figure 7͑c͒ is the counterpart of Fig. 7͑b͒ when the dimple is absent. The edge of the dimple results in pressure spikes and higher stress. This dimple also causes the maximum von Mises stress appearing on the surface. The material inside the dimple is still engaged in contact due to shallow depth. However, the pressure inside the dimple is lowered, and consequently the subsurface pressure is reduced.
Dry Contact With Coating. A 3-m-thick coating with
Young's modulus of 320 GPa is applied to a cylindrical substrate with Young's modulus of 210 GPa. Both the coating and substrate have Poisson's ratio of 0.3. Parameters described in Sec. 1 are also applied here for consistency. For this problem, a Hertzian contact width for two cylinders with Young's moduli of 210 GPa is used as reference for dimensionless size quantities: a = 165.4 m. Figure 8 shows the von Mises stress distribution ͑a͒ for the coated cylinder and ͑b͒ for the uncoated one made of coating material. The studied depth at the central cross section is 10 m in order to compare the stress field. A contour plot for the coated cylinder in a larger depth with the same format as in Figs. 7͑b͒ and 7͑c͒ is shown in Fig. 8͑c͒ for a direct comparison. The mismatch of modulus is attributed to the obvious discontinuity of von Mises stress at the interface in Fig. 8͑a͒ . The softer substrate of the coated cylinder is subject to a lower stress but causes higher stress in the coating.
Conclusions
Based on the emerging need to analyze the contact performance of periodic surfaces in line contacts, this paper proposes two new methods, i.e., DC-FFT S and DC-CC-FFT. These two methods, along with various others, are used to solve the SPLC problems, and the comparison is illustrated and discussed. The DC-FFT S is a modified DC-FFT method with a summation of ICs from several periods, and this concept of using summation of ICs can also be applied to multigrid methods. A hybrid algorithm of DC-CC-FFT, which combines the DC-FFT and CC-FT methods, is constructed as well. These FFT based algorithms are efficient in nature, and the hybrid algorithm furthermore utilizes the unique capability of FFT to handle periodic problems. Numerical validations confirm the high accuracy of these two new methods, and they are suitable either for dry or lubricated contact simulations. 
